Abstract. This paper deals withχ (6) , the six-particle contribution to the magnetic susceptibility of the square lattice Ising model. We have generated, modulo a prime, series coefficients forχ (6) . The length of the series is sufficient to produce the corresponding Fuchsian linear differential equation (modulo a prime). We obtain the Fuchsian linear differential equation that annihilates the "depleted" series Φ (6) =χ (6) − 2 3χ
3χ
(4) + 2 45χ (2) . The factorization of the corresponding differential operator is performed using a method of factorization modulo a prime introduced in a previous paper. The "depleted" differential operator is shown to have a structure similar to the corresponding operator forχ (5) . It splits into factors of smaller orders, with the left-most factor of order six being equivalent to the symmetric fifth power of the linear differential operator corresponding to the elliptic integral E. The right-most factor has a direct sum structure, and using series calculated modulo several primes, all the factors in the direct sum have been reconstructed in exact arithmetics.
Introduction and recalls
The magnetic susceptibility (high temperature χ + and low temperature χ − ) of the square lattice Ising model is given by [1] χ + (w) = χ (2n+1) (w) = 1 s
and χ − (w) = χ (2n) (w) = (1 − 1/s 4 )
in terms of the self-dual temperature variable w = 1 2 s/(1 + s 2 ), with s = sinh(2J/kT ). The n-particle contributionsχ (n) are given by n − 1 dimensional integrals [2, 3, 4, 5] ,
where §
and
with
(1 − 2w cos(φ i )) 2 − 4w 2 , n j=1 φ j = 0
As n grows the series generation in the variable w of the integrals (3) becomes very time consuming. In [6] calculations modulo a prime were performed on simplified integrals Φ
(n)
H and this work demonstrated that most of the pertinent information (singularities, critical exponents, ...) can be obtained from linear ODEs known modulo a prime corresponding to the integrals Φ (n) H . In order to go beyondχ (4) this strategy was adopted previously for the 5-particle contributionχ (5) [7, 8] and here for the 6-particle contributionχ 6) . In a previous paper [7] massive computer calculations were performed onχ (5) ,χ (6) and χ (in exact arithmetics and/or modulo a prime). These calculations confirmed previously conjectured singularities for the linear ODEs of theχ (n) 's as well as their critical exponents, and shed some light on important physical problems such as the existence of a natural boundary for the susceptibility of the square Ising model and the subtle resummation of logarithmic behaviours of the n-particle contributionsχ (n) to give rise to the power laws of the full susceptibility χ. As far as χ (5) is concerned, the linear ODE forχ (5) was found modulo a single prime [7] and it is of minimal order 33. (5) In [8] the linear differential operator forχ (5) was carefully analysed. In particular it was found that the minimal order linear differential operator forχ (5) can be reduced to a minimal order linear differential operator L 29 of order 29 for the linear combination
Results onχ
We shall use the term "depleted" series for a series obtained by substracting from χ (n) a definite amount of the lower n-particle contributionsχ (n−2k) , k = 1, 2, · · ·, as in (8) , such that the differential operator annihilating the depleted series is of lower order. Since the depleted series is annihilated by an ODE of lower order, it follows that in the ODE for the original series, we must have the occurrence of a direct sum structure. It was found [8] that the linear differential operator L 29 , can be factorised as a product of an order five, an order twelve, an order one, and an order eleven linear differential operator
where the order eleven linear differential operator has a direct-sum decomposition
) Z 2 is a second order operator also occurring in the factorization of the linear differential operator [9] associated withχ (3) and it corresponds to a modular form of weight one [10] . V 2 is a second order operator equivalent to the second order operator associated withχ (2) (or equivalently to the complete elliptic integral E). F 2 and F 3 are remarkable second and third order globally nilpotent linear differential operators [8, 10] . The first order linear differential operatorL 1 quite remarkably has a polynomial solution. The fifth order linear differential operator L 5 was shown to be equivalent to the symmetric fourth power of (the second order operator) L E corresponding to the complete elliptic integral E. The complete and detailed analysis of L 12 , the order twelve operator in (9) is beyond our current computional ressources (see [8] for details).
It is important to note that these factorization results are exact and have been obtained from series and ODEs obtained modulo a single prime. For the reconstruction in exact arithmetics of the factors occurring in the differential operator L 11 , we had to obtain the series and ODEs for more than one prime. The length of the series necessary to obtain the underlying ODE is initially unknown, except perhaps for some rough estimates. Once the first non-minimal order ODEs have been obtained modulo a prime, the minimum length of the series necessary to obtain non-minimal order ODEs for any other primes is known exactly. This knowledge comes from a relation we reported in [7] and that we called the "ODE formula". Beyond understanding the terms occurring in the "ODE formula" and the light they shed on the ODEs underlying the problem, the formula has been of most importance in terms of gains in the computational effort. For instance, we initially generated, modulo a prime, 10000 terms forχ (5) and we found that we can obtain non-minimal ODEs using only some 7400 terms, while non-minimal order ODEs for Φ (5) can be obtained using some 6200 terms, representing a great reduction in the required computational effort.
The ODE formula
Let us denote by Q the order of the ODE we are looking for and by D the degree of the polynomials in front of the derivatives (we write the ODE in the homogeneous derivative x d dx ). We must then have (Q + 1)(D + 1) terms in the series in order to determine the unknown polynomial coefficients. If an ODE exists, it appears that the number of terms actually necessary for the ODE to be obtained is given by
where f is a positive integer and indicates the number of ODE-solutions to the linear system of equations for the polynomial coefficients.
From empirical observation, we have seen [7] that N is also given, linearly in terms of Q and D, by
(12) While Q and D are the order and the degree, respectively, of any non-minimal order ODE that we choose to look for, the parameters d, q and C depend on the series we are working with. In all the cases we have considered, we have found that q is the order of the minimal order ODE and d is the number of singularities (counted with multiplicity) excluding any apparent singularities and the singular point x = 0. The parameter C was shown in [8] to be in an exact relationship with the degree D app of the apparent polynomial of the minimal order ODE
(13) Note that there are many ODEs that annihilate a given series. Among all these ODEs, there is a unique one of minimal order. In our calculations we have seen that it is easier to produce ODEs, which are not of minimal order [11] , in the sense that fewer terms are needed to obtain these ODEs compared to what is required to obtain the minimal order ODE. Even more importantly for computational purposes, there is a non-minimal order ODE that requires the minimum number of terms in order to be obtained.
Next we demonstrate how we use the ODE formula to optimize our calculations, i.e. generate just the necessary number of terms in the series. From (11) (12) (13) , the parameter D is given as:
and this must be a positive integer. The parameters f and Q are integers with the constraints f ≥ 1 and Q ≥ q. It is a simple calculation to run through the integers f and Q resulting in a positive integer D. For each such triplet (Q 0 , D 0 , f 0 ) the number N 0 = (Q 0 + 1)(D 0 + 1) − f 0 is the number of terms in the series required to obtain f 0 ODEs of order Q 0 and degree D 0 . Among all these N 0 there is a minimum. We call the corresponding ODE the "optimal ODE". To obtain the ODE for other primes, it is thus only necessary to generate the minimum number of series terms. For instance, forχ (5) , the ODE formula reads
The optimal ODE, i.e., the ODE that requires the minimum number of terms in the series has the triplet (Q 0 , D 0 , f 0 ) = (56, 129, 8) which corresponds to the minimum number N 0 = 7402. Note that the minimal order ODE has the triplet (33, 1456, 1) and requires 49537 series terms.
The minimum number of terms N 0 is implicitly given by the ODE formula (12). Plugging the parameter D given in (14) in N = (Q + 1)(D + 1) − f , one obtains
We can view N as a continuous function of Q and f and we find that it has two extremums when d N/dQ = 0. For the positive extremum one has
For the example ofχ (5) considered above, one obtains (with f = 1)
The gain in the number of terms is already very significant for Q = q + 1 and can be measured by the discrete derivative of the hyperbola N (Q) given in (16). Since we should compute over the integers, it is easier to compute the difference of (D+1) (Q+1) evaluated at the points Q = q and Q = q + 1. At the order Q = q, from (14) 
For χ (5) , and with the values f 1 = 1 and f 2 = 2 (since D app = 1384 is even), the "saving" in the number of terms is 22736 to be compared with the 49537 terms needed to obtain the minimal order ODE (i.e. Q = q). As Q increases, one approches the minimum of the hyperbola (16) which is N 0 = 7388.09 (with f = 1). Over the integers the minimum is 7402 obtained with f = 8. This process can be repeated by computing ∆ N (q, q + 2) and in this case D app + f 3 should be multiple of 3.
As can be seen from the "discrete" derivative (21), the degree of the apparent polynomial is crucial. For ODEs with no apparent singularities the minimal order ODE is the optimal ODE. In this case, the hyperbola N (Q) can still have a minimum that is not in the integers.
Note that we may define a minimal degree ODE, i.e. the ODE that has D = d meaning that there is no singularities other than the "true" singularities of the minimal order ODE (no apparent and no spurious singularities ). The order of this minimal degree ODE is (see (14))
giving forχ (5) , the order Q = 1417 and 103513 as the number of terms (the minimum f being 1). Note that this minimal degree ODE is useless for our computational purposes.
In this paper all of these types of modular calculations and approaches have been applied toχ (6) . Section 2 shows the computational details (timing, ...) for the generation of the first series and the first ODEs, modulo a prime, from which we infer the optimal length of the series to be generated for other primes. In Section 3, we report on the ODE annihilatingχ (6) and on the ODE annihilating the corresponding "depleted" series. The singularities and local exponents confirm the results obtained from a diff-Padé analysis and given in a previous paper [7] . In Section 4, the program of factorization developed forχ (5) is used to factorize as far as possible the differential operator corresponding to the ODE ofχ (6) . We will see that our conjecture [8, 11] on the factorization structure of theχ (n) holds for n = 6. Some right factors in the differential operator forχ (6) are obtained in exact arithmetics. Section 5 is the conclusion. 2. The series ofχ (6) modulo a prime
As shown in [7] the calculation of a series forχ (6) is a problem with computational complexity O(N 4 ln N ). Note thatχ (2n) is an even function in w and we therefore generally work with a series in the variable x = w 2 , though the series forχ (6) is still calculated in the w variable. In Table 1 we have listed a summary of results for the formula (11) for various series with new results forχ (6) added. In [7] we gave a rough estimate of the number of terms required to obtain the ODE forχ (6) and thought this beyond our computational resources. However, upon closer inspection of Table 1 one observes that the minimum number of terms required to find the ODE in x for
H ) is always smaller than the number of terms required for
). This also holds for the combination 6χ
. It is reasonable to expect that this would be true forχ (6) as well. In particular this would mean that the number of terms required to find the ODE for 6χ (6) − 4χ (4) should be smaller than the 6400 or so terms needed to find the ODE for 6χ (5) − 3χ (3) . There is of course no way of knowing whether or not this line of reasoning is correct. In particular we would have liked to further reduce the number of terms to be calculated (one can for instance note that the number of terms required to find the optimal ODE forχ
is some 10-20% less than the number of terms required to find the optimal ODE forχ (2n−1) or Φ (2n−1) H , respectively), but since finding the ODE for the first time is a hit-or-miss proposition we naturally wanted to ensure, to the greatest extent possible, that we had enough terms to find the ODE for 6χ (6) − 4χ (4) . For this reason it was decided to generate a series to order 6500 in x (13000 in w) forχ (6) with the firm hope that this would suffice to find the optimal ODE for at least 6χ (6) − 4χ (4) (in fact it is also enough terms to find the optimal ODE forχ (6) itself). H series are the model integrals [6] .
12 Q + 7 D − 37 11 17 216 χ (4) 7 Q + 10 D − 36 15 9 160 χ (5) 72 Q + 33 D − 887 56 129 7410 χ (6) 43 Q + 52 D − 1121 84 73 6290 6χ In [7] the calculation ofχ (5) to 10000 terms required some 17000 CPU hours on an SGI Altrix cluster with 1.6GHz Itanium2 processors. Given that the algorithms forχ (5) andχ (6) has the same computational complexity this would indicate that the time required to calculate the series forχ (6) to 13000 terms in w would be at least 50000 CPU hours (the algorithm forχ (6) has a slightly larger pre-factor than that forχ (5) ). In fact it turned out that almost 65000 CPU hours was required and this calculation was performed over a six months period.
The series to order 6500 was calculated modulo the prime 32749. As in [8] we want to factorise various differential operators and reconstruct the right-most factors exactly using the results from several primes. We thus need to reduce as much as possible the length of the series by identifying some right factors.
As we detail in the following section the optimal ODE forχ (6) can be obtained with less than 6300 terms while the optimal ODE for the combination 6χ (6) − 4χ (4) requires 'just' over 5400 terms. Furthermore we find (using our series modulo a single prime) thatχ (2) is a solution of this ODE and that one can simplify further by considering the linear combination Φ (6) =χ
(2) whose optimal ODE requires a little more than 5100 terms.
The ODE forχ (6) has
dx 2 as the lower derivative, meaning that c 1 + c 2 x is a solution (c 1 and c 2 are constants). Checking that c 1 + c 2 x is still a solution of the ODE for Φ (6) and producing the series
, we arrive at a series whose minimal ODE requires a little less than 5000 terms.
We therefore calculated a further two series to order 5000 modulo the primes 32719 and 32717. These calculations required an additional 45000 hours of CPU time. Using the factorisation procedure detailed in Section 4, we found a factor of order 3, X 3 , which right divides the differential operator for
, and we managed to reconstruct X 3 in exact arithmetic using 3 primes ¶. Applying X 3 , that is form the series
, results in a series whose optimal ODE requires less than 4800
terms. At about the same time as these developments took place a new system was installed by National Computational Infrastructrure (NCI) whose National Facility provides the national peak computing facility for Australian researchers. This new system is an SGI XE cluster using quad-core 3.0GHz Intel Harpertown cpus. Our code runs about 40% faster (takes about 0.6 times the time) on this facility when compared to the Altix cluster and a calculation of a series to order 4800 takes about 11000 CPU hours per prime. We calculated series to this order for a further 6 primes, namely, 32713, 32707, 32693, 32687, 32653 and 32647 (some of these calculations were performed on the facilities of the Victorian Partnership for Advanced Computing using a cluster with AMD Barcelona 2.3GHz quad core processors). (6) From theχ (6) series modulo a prime, we obtained various ODEs which have the ODE formula
Fuchsian differential equation forχ
thus showing that the ODE forχ (6) is of minimal order 52. We denote by L 52 the corresponding linear differential operator. ¶ X 3 is equivalent to the differential operator L 3 given in this paper.
The polynomial in front of the highest derivative and carrying the singularities of L 52 (i.e. the ODE ofχ (6) ) reads
where P app is a polynomial whose roots are apparent singularities. Even though we have not computed the minimal order ODE, from (13), we can infer that the degree of P app is D app = 1020. All the singularities agree with the ones found in [7] from a diff-Padé analysis and we have confirmation that (1 − 8x) is the only singularity not predicted [6] by the simplified integrals Φ
H . Furthermore, using the exact (modulo a prime) ODE, we can confirm the local exponents computed from a diff-Padé analysis in [7] for all singularities except those at x = 0, 1/16 and x = ∞, which are correct but incomplete. The complete set of local exponents † at these latter points read: Having obtained the ODE formula (23), one can see that the minimal order ODE requires 56391 terms (plug Q = q = 52, d = 43, D app = 1020 and f = 1 into (16)). And it is a simple calculation, (see paragraph after (14)) to obtain the number of terms necessary for the optimal ODE. This corresponds to Q = 84, D = 73, f = 3 and N = 6287 terms. If we had to produce the optimal ODE for χ (6) for other primes it is 6290 series coefficients that should be generated.
As mentionned in the previous section, our conjecture that theχ (n) satisfy (with α n−2 = (n − 2)/6)
is also verified. For the series
we obtain non-minimal order ODEs from which we infer the ODE formula
showing that the minimal order is 46 with an apparent polynomial (see (13)) of degree D app = 848. The minimal order ODE for Φ (6) requires the generation of 41736 coefficients series, while the optimal ODE requires 5120 terms corresponding to Q = 79, D = 63. It is interesting to see that the required number of terms decreases sharply from 41736 (for the minimal order ODE Q = q = 46) to 22272 for the nonminimal order ODE Q = q + 1 = 47. The gain ∆N (46, 47) = 19464 terms is given by (21) for q = 46, d = 39 f 1 = 1 and f 2 = 2 since D app = 848 is even. The gain ∆N (46, 48) = 25958.
Denoting by L 46 the differential operator corresponding to Φ (6) and recalling [11] the differential operator L 10 corresponding toχ (4) , one sees from (26) that the differential operator forχ (6) has the "direct sum ¶ decomposition"
The sum of the orders of the differential operators L 46 and L 10 is larger than 52, indicating that a common factor, namely an order four differential operator, occurs at the right of both L 46 and L 10 . The solutions of this order four ODE have been given in eqs. (31-33) and eq. (43) of [11] . The differential operator (that we denote by L
4 ) is given in eq. (42) of [11] as a product of four order one differential operators. Since the expressions for these differential operators were not written in [11] , we give, for the sake of completeness, in Appendix A the full factorization of the differential operator L (4) 4 . Furthermore, we note that in the ODE forχ (6) the derivatives of order zero and one are missing (the corresponding differential operator has D 2 x as the lowest derivative ‡). The constant and the degree one polynomial x are solutions of L 52 . The constant is a solution of the common factor L (4) 4 , but the degree one polynomial x is not a solution of L 10 and thus should occur in L 46 .
We thus have an order five differential operator that right divides L 46
4 .
We now turn to the factorization modulo a prime of the differential operator L 46 keeping in mind thatL 5 is a right factor.
Factorization modulo a prime of the differential operator L 46
The local exponents at the singularities of the ODE of Φ (6) allows us to easily track the factors carrying the various singular behaviours. What we mean is the following. The local exponents for the ODE of Φ (5) , at for instance w = 0, are all integers. Producing the series having the highest exponent, we obtain either the full ODE or a right factor. If the series with the highest exponent yields the full ODE then in order to obtain a right factor we have to look at the ODEs corresponding to combinations of series involving both the highest and the next highest exponent as explained and done in [8] .
For Φ (6) and at x = 0, we have two types of local exponents, integer and halfinteger ones. We thus have a "partition" of the solutions to the full ODE. In other words we have "two highest exponents" § and it is therefore more likely that we can avoid using combination series.
The ODE for Φ (6) corresponding to L 46 has at x = 0 the local exponents
we have then two "highest exponents", ρ = 13 and ρ = 3/2. This means that we can produce both the series x ρ (1 + · · ·) and see whether or not either of these gives rise to ¶ Recall [11] that the differential operator forχ (2) is a factor in the direct sum of L 10 . ‡ The notation Dx is d dx . § Note that forχ (5) , other singularities than w = 0 have half-and fourth-integers exponents. There was no need in [8] to use the procedure presented here. a right factor. If so we may not need to resort to the combination method presented in Section 4 of [8] .
At the singularity x = 1/16, the local exponents are ρ = − 2, −7/4, −3/2, −5/4, −1
and we have three "highest exponents", ρ = −5/4, ρ = 1/2 and ρ = 19. At the singularity x = ∞, there are two "highest exponents", ρ = 4 and ρ = 33/2 since the local exponents are
Before we proceed, we introduce the notation L 46 = O n2 ·O n3 , with 46 = n 2 +n 3 , which we use to indicate that the operator L 46 factorizes into two operators of orders n 2 and n 3 , respectively. Only when a differential operator is definitive do we give it a label other than the O.
Let us begin by the conjecture [8] that L 46 has a left-most operator of order six which is the symmetric fifth power of L E . Solutions to the symmetric power of L E are polynomials of homogeneous degrees in the elliptic integrals with the coefficients of the combination being rationals. The solutions carrying the half-integer exponents should therefore be those of an operator occurring necessarily at the right of L 46 . So from the two "highest exponents" ρ = 13 and ρ = 3/2 at x = 0, we need only obtain the ODE of the unique series x 3/2 (1 + · · ·). Indeed, acting by L 46 on the series x 3/2 · (1 + · · ·) produces a series annihilated by an order 40 ODE, leading to the factorization
When we shift L 46 to x = 1/16 and act on t −5/4 · (1 + · · ·), with t = x − 1/16, we obtain an order five ODE leading to:
Shifting L 46 to x = 1/16 and acting on t 1/2 · (1 + · · ·) produces:
Shifting L 46 to x = ∞ and acting on t 4 · (1 + · · ·), with t = 1/x, gives:
Some factors are common to these three factorizations. Shifting the ODE back to x = 0 and carrying out our factorization procedure [8] , one obtains (some final labelling is given)
The order one differential operator O 1 in the last factorization is equivalent to an order one differential operator occurring in theL 5 of (29). The product
can be expressed as a direct sum
Collecting the results given in the factorizations (31) and (37) with (38), and keeping in mind the right factor (29), one obtains
Having obtained all these differential operators, a final check is performed by acting on Φ (6) by the corresponding ODEs in the order given in (39) and doing this we do indeed get zero.
The differential operator L 6
The sixth order linear differential operator L 6 is the one that we conjectured [8] should annihilate a homogeneous polynomial of the complete elliptic integrals E and K of (homogeneous) degree five. It should then be irreducible. The local exponents at the origin of the linear ODE corresponding to L 6 are
Plugging a generic series c n x n into the linear ODE fixes all the coefficients with the exception of the coefficient c 0 . The "survival" of a single coefficient is a particular feature of an irreducible factor with one non-logarithmic solution. The differential operator L 6 being a symmetric power of L E means that its solution is a polynomial in E and K defined as
The ODE corresponding to L 6 should only have singularities at x = 0, 1/16 and x = ∞, and this is indeed the case. The local exponents at x = 1/16 are 
The local exponents at x = 0 and x = 1/16 suggest the following ansatz to be plugged into the linear ODE (of L 6 ):
The polynomials P 5−i,i (x) can be determined numerically and the solution (analytical at x = 0) of the ODE corresponding to L 6 is 1
The polynomials P 5−i,i (x) with coefficients known modulo a prime, are of degree respectively, 111, 112, 113, 113, 113 and 113. As conjectured the linear differential operator L 6 is thus equivalent to the symmetric fifth power of L E .
The differential operator L 17
The differential operator L 17 has in its decomposition the differential operatorL 5 which is known exactly. The solutions ofL 5 are the degree one polynomial x and the four solutions of L
4 given in [11] . As for the other factors of L 17 , i.e. L 2 , L 3 ,L 3 and L 4 , we have been able to express all of them in exact arithmetics.
To express a differential operator in exact arithmetics the straightforward approach is to rationally reconstruct the differential operator using several modulo prime calculations. However, an alternative would be to reconstruct the solutions to the differential operator if they are known. This is what we have done for L 2 and L 3 .
The singularities of the ODEs corresponding to L 2 and L 3 are only x = 0, x = 1/16 and x = ∞. It is therefore reasonable to assume that the solutions can be expressed as polynomials in K(x) and E(x).
For the ODE corresponding to L 2 , the solution (analytical at x = 0) written in terms ofχ (2) , is:
Written in this way, it is easy to recognize the coefficients in exact arithmetics with only two primes. The differential operator L 2 is thus:
For the third order differential operator L 3 , we assumed that it is equivalent to a symmetric square of L E . Indeed, the solution (analytical at x = 0) written also in terms of χ (2) 2 , appears as:
Here also, two primes are more than sufficient to recognize the coefficients. The differential operator L 3 , in exact arithmetics, reads
with:
We have not been able to find the solution of the ODE coresponding toL 3 . The rational reconstruction has been done on the differential operator itself (see Appendix B). Rationally reconstructed, the differential operatorL 3 reads
with: All the calculations on the previous differential operators have been done with the two primes 32749 and 32719. For the differential operator L 4 we need more primes. The differential operator L 4 has the form
where Q 3 is the apparent polynomial ofL 3 in (50) and P (n) j are polynomials in x of degree n. To perform the rational reconstruction of the polynomials P (n) j , we had to generate the series for Φ (6) for another seven primes, then obtain the optimal ODEs and factorize the differential operators L 46 for each prime. After the rational reconstruction was completed successfully the resulting differential operator L 4 was checked against the local exponents and the conditions on the apparent singularities. The polynomials P (n) j are given in exact arithmetics in Appendix C. Note that we have also checked that these rationally reconstructed differential operators are globally nilpotent as they should be.
The differential operator L 23
The differential operator L 23 has the ODE formula
and at x = 0, the local exponents read: We can use the same method as before in order to factorize L 23 . By producing the series with the highest local exponents ρ = 6 and ρ = −45/2, we obtained the full ODE for each series, i.e. an ODE formula compatible with the minimal order 23. The singularities of the linear ODE corresponding to L 23 are (besides x = 0):
We may then shift the ODE corresponding to L 23 to a singular point other than x = 0, produce the series of the highest exponent and see whether this gives an ODE of order less than 23. At x = 1/16, the series of the highest exponent ρ = 11 produced the full ODE. Likewise, at other points and exponents such as (x = 1/4, ρ = −41/2), (x = 1/9, ρ = −47/2), (x = 1/25, ρ = −63/2), (x = 1, ρ = −47/2) and (x = ∞, ρ = −38, −47/2), the series give rise to the full ODE. Next we show how the local structure of solutions appear around x = 0. We introduce the notation [x p ] to mean that the series begins as x p · (const. + · · ·). The results of our computations are the following. Two sets of five solutions can be written as (with k = 1, 2)
Three sets of three solutions can be written as (with k = 3, 4, 5)
Two solutions can be written as and [x 5 ] in front of ln(x) 2 . But these series produce the full ODE. As is the case with the twelfth order differential operator L 12 occurring inχ (5) , we have no final conclusion as to whether or not L 23 is reducible, and without performing the factorization based on the combination method presented in Section 4 of [8] we do not expect to be able to reach any such conclusion. The representative optimal ODE of L 23 used in the calculations is of order 67, making the computational time obstruction more severe than what we faced with the twelfth order differential operator occurring [8] inχ (5) .
Summary
Let us now summarize our results. The linear differential operator L 46 , corresponding to Φ (6) =χ
(2) can be written as
The order seventeen linear differential operator L 17 contains only the singularities of the linear ODE corresponding to L 10 (the operator forχ (4) ) plus the "new" § singularity x = 1/8. The singularity x = 1/8 occurs only in the fourth order linear differential § It is "new" with respect to what we obtained from the Φ (6) H integrals [6] and our Landau singularity analysis [7] .
operator L 4 . The third order differential operatorL 3 is responsible for the ρ = −5/4, ρ = −7/4 singular behavior around the (anti-)ferromagnetic point x = 1/16.
Comparing the results ofχ (6) with those ofχ (3) ,χ (4) andχ (5) we note that our conjecture still holds: for a givenχ (n) there is an order n differential operator equivalent to the (n − 1)-th symmetric power of L E at left of the depleted differential operators, corresponding to the linear combinationsχ
(1) and nowχ
(2) . For a givenχ (n) and once the "contributions" of lower terms (χ (n−2k) , k = 1, 2, · · ·) have been substracted, the ODE of the "depleted" series still contains some factors occurring in the ODE of the lower terms (χ (n−2k) ). Forχ (5) , we have that the differential operator Z 2 · N 1 , which occurs in the ODE ofχ (3) , continues to be a right factor in the ODE ofχ
(1) . Forχ (6) , we have that the differential operator L
4 , which occurs in the ODE ofχ (4) , continues to be a right factor in the ODE ofχ
(2) . As was the case forχ (5) with the differential operators of order two and three (F 2 and F 3 ), we similarly have forχ (6) , the emergence of two differential operators of order three and four (L 3 and L 4 ), which are globally nilpotent and for which we have no solutions. We may imagine that all these ODEs have solutions in terms (of symmetric power) of hypergeometric functions (with pull-back) as we succeeded to show [10] for Z 2 . Providing these solutions in terms of modular forms is clearly a challenge.
Similarly to the twelfth order differential operator L 12 occurring inχ (5) , we faced with the differential operator L 23 the same obstruction to its potential factorization, namely prohibitive computational times.
Conclusion
We have calculated, modulo a prime, a long series for the six-particle contributioñ χ (6) to the magnetic susceptibility of the square lattice Ising model. This series has been used to obtain the Fuschian differential equation that annihilatesχ (6) . The method of factorization [8] previously used forχ (5) is applied to the differential operator L 52 ofχ (6) . With the ODE known modulo a single prime, we have been able to go, as far as the computational ressources allow, in the factorization of the corresponding differential operator.
We have found several remarkable results. The factorization structure of L 52 generalizes what we have found for the linear differential operators ofχ (3) ,χ (4) and χ (5) . In particular, we found inχ (6) the occurrence of the termχ (4) but also the lower termχ (2) , leading to the differential operator L 46 corresponding to the "depleted" series Φ (6) =χ
(2) . The left-most factor L 6 of L 46 is a sixth order operator equivalent to the symmetric fifth power of the second order operator L E corresponding to complete elliptic integrals of the first (or second) kind. We expect that this happens for allχ (n) , i.e. we conjecture the occurrence inχ (n) of terms proportional toχ (n−2k) meaning a direct sum structure, and the occurrence of a n−th order differential operator that left divides the differential operator corresponding to the "depleted" series (25) ofχ (n) . Some right factors of small order appear in the factorization of L 46 . We have used the previously reported "ODE formula" to optimize our calculations. We have generated other series of the minimum number of terms, modulo eight other primes, and have obtained the corresponding ODEs and the corresponding factorizations. These nine factorizations have been used to perform a rational reconstruction and obtain in exact arithmetics the right factors occurring in L 46 .
Our analysis is lacking the factorization of L 23 for which, and similarly to L 12 occurring inχ (5) , we have no conclusion on whether they are reducible. Even if these differential operators are known in exact arithmetics, their factorization remains a challenge for the methods implemented in various packages of symbolic calculation.
The massive calculations performed onχ (5) andχ (6) are at the limit of our computational ressources and the next step, namelyχ (7) and/orχ (8) seems to be really out of reach. A motivation for obtaining these very high order Fuchsian operators is to understand hidden mathematical structures from the factors of these operators. In this respect, the main results we have obtained onχ (6) are the order three and four operators (L 3 and L 4 ) that we succeeded to get in exact arithmetics and which are waiting for an elliptic curve mathematical interpretation. Providing a mathematical interpretation for all these differential operators in terms of modular forms is clearly our next challenge.
The series and differential operators studied in this paper can be found at [12].
In terms of the variable x = w 2 they are:
with: The ODE corresponding toL 3 appears as (where the singularities are easily recognized):
The polynomials P 3 , · · · , P 0 are of degrees, respectively, 4, 6, 7 and 7 in x. We have 27 coefficients (not counting the overall one) to reconstruct. For easy labeling, these polynomials are denoted as (P 3 is the polynomial whose roots are apparent singularities)
The indicial exponents obtained with both ODEs (with the two primes 32749 and 32719) are
By demanding that the ODE corresponding to the almost genericL 3 gives the above indicial exponents, leads to some conditions on the unknown coefficients a k , b k , c k and d k . The order of the ODE being 3, we obtain for each singularity a maximum of three conditions. This is a maximum, because some exponents are by construction automatically satisfied. For instance, at x = 1/4, we obtain only one condition related to the exponent ρ = 7/2. At the singularity x = 0, the indicial equation ofL 3 gives ρ = 0 as a root automatically satisfied and a polynomial in ρ 2 depending on some of the unknown coefficients ofL 3 . By requiring ρ = −2 and ρ = 2 as roots of this polynomial, we obtain
With these values assigned, we require that ρ = 1, 2, 5/2 be roots of the indicial equation at the singularity x = ∞. One then gets
Similarly, the indicial equations evaluated at the local exponents for the singularities x = 1/16 and x = 1/4 give four equations, fixing (e.g.) the coefficients b 4 , b 5 , c 6 and d 6 in terms of other coefficients.
Next we turn to the apparent singularies. These are given by the roots of P 3 . Calling α a root of P 3 (with unknown a k ), the indicial equation appears with ρ = 0 and ρ = 1 as automatically satisfied roots. Requiring ρ = 3 as root of the indicial equation, gives a polynomial in α of degree three. Zeroing each term gives 22 solutions.
Discarding all the solutions where a coefficient fromL 3 is zero, one is left with five solutions. From these solutions, there is only one solution which is acceptable, because it matches with the actual values of the coefficients known in prime. This fixes three coefficients in terms of the others.
At this point, we have fixed 12 coefficients among the 27 using only the knowledge about the local exponents. The condition on the local exponents at the apparent singularities is only necessary, the sufficient condition is the absence of logarithmic solutions around the singularity x = α.
The conditions on the non-occurrence of logarithmic solutions at the apparent singularities can be imposed either by requiring the conditions of eq. (A.8) in [7] to be fulfilled or equivalently by zeroing the coefficients in front of the log's in the formal solutions ofL 3 at α. With a generic apparent polynomial, the calculations can be cumbersome. So let us fix some coefficients.
One finds that the ratio −2 a 1 /a 0 appears with both primes 32749 and 32719 as the number 63. Also for both primes one obtains 4 a 2 /a 0 = 839, −8 a 3 /a 0 = 3607 and 2
14 d 0 /a 0 = 147. Furthermore, one may compute the (analytical at x = 0) series at both primes in the hope that some coefficients will be "simple" enough to be recognized. The series with the prime 32749 gives
while with the prime 32719, it reads
We note that the same values occur at orders 3 and 4. These numbers are therefore likely to be exact. Also the difference between the values at order 5 is a multiple of the difference 32749 − 32719, and similarly at order 6. It is easy to "guess" these values as respectively, 48, 1527, 40290 and 952920. Comparing with the series solution ofL 3 fixes four coefficients. We have then twelve coefficients fixed exactly and nine coefficients fixed by reconstruction. The formal solutions ofL 3 at the apparent singularity α give two logarithmic solutions, with leading term, each
where C depends on the remaining non fixed coefficients ofL 3 . We have then eight (non-linear) equations for six unknowns to solve. This can be done by rational reconstruction and check.
Appendix C. The differential operator L 4 in exact arithmetics
The degree n polynomials P 
